
 

 

Abstract— Various radial moments and polar harmonic 

transforms such as polar complex exponential transforms, polar 

cosine transforms and polar sine transforms satisfy orthogonal 

principle. By virtue of which these moments and transforms possess 

minimum information redundancy and thereby exhibit a good 

characteristic of image representation. In this paper, a complete 

comparative analysis is performed by considering image 

reconstruction capability of each individual moment and transform. 

The orthogonal properties of above mentioned moments along with 

the causes of their reconstruction error, numerical stability and 

invariance are described.  

 

Index Terms— Zernike moments, pseudo Zernike moments, 

orthogonal Fourier Mellin moments, radial harmonic 

Fourier moments, Chebyshev-Fourier moments, polar 

harmonic transforms 

I. INTRODUCTION 

he pioneering work of Hu in 1962 [1] on moment invariants, 

moments, and moment functions has opened many 

applications in the imaging field. Geometric moments (GMs) 

are one of the oldest moment based shape descriptors, which are 

used to generate a set of invariants that have been used in many 

pattern recognition applications [1]. Rotation invariant 

orthogonal moments and transforms (ORIMs and ORITs) are 

shape descriptors which are often used in many pattern 

recognition and image processing applications. The basis 

functions of these moments and transforms are orthogonal and 

complete, providing minimum information redundancy. The 

magnitude of the moments and transforms are rotation invariant. 

They are scale invariant because they are defined over a unit disk 

and their computation for an image is performed on the unit disk 

after coordinate mapping. The center of the unit disk is taken at 

the centroid of the image, therefore, they also become translation 

invariant. These characteristics are often referred to rotation, 

scale and translation (RST) invariant features. Amongst the 

various ORIMs are the three popular moments, Zernike moments 

(ZMs), pseudo Zernike moments (PZMs) and orthogonal 

Fourier-Mellin moments (OFMMs). The ZMs were first 

introduced to image analysis by Teague [2] in 1980. Teh and 

Chin [3] introduced PZMs, and OFMMs were first developed 

and introduced to image analysis by Sheng and Shen [4]. These 

moments have been applied successfully in many fields 

including, but not limited to, optical character recognition (OCR) 

[5,6], object recognition [7,8], pattern classification [9-12], 

content based image retrieval [13-15], image watermarking [16-

18], palmprint verification [19], 2D/3D object recognition 

through sketches [20,21], rotation angle estimation, 

determination of image symmetry [22-24], image denoising [25] 

and image super resolution [26]. 

The ORIMs have been use in various image processing 

applications since 1980. On the other hand, ORITs have been 

developed recently and hence their uses in various fields are 

being explored. They have characteristics similar to that 

possessed by ORIMs. However, they are less computation 

intensive. Among the various ORITs, There are two major 

transforms, namely, the radial harmonic Fourier moments 

(RHFMs) and polar harmonic transforms (PHTs). A major 

difference between the moments and transforms lies in the 

definition of radial part of the kernel function. The RHFMs were 

introduced by Ren et al. [27] in 2007. The PHTs which were 

developed by Yap et al. [28] in 2010 consists of three different 

transforms, namely, polar complex exponential transforms 

(PCETs), polar cosine transforms (PCTs), and polar sine 

transforms (PSTs). All three transforms are grouped under the 

name PHTs as the kernel of these transforms are harmonic in 

nature, that is, they are basic waves. The RHFMs have been used 

in various applications as given in [29,30]. Since PHTs are 

relatively new, their applications in various image processing 

tasks are being explored. They have been used in fingerprint 

classification [31], invariant image description [32], and image 

watermarking [33]. 

II. GEOMETRIC MOMENTS 

GMs are one of the oldest moment based shape descriptors, 

which are used to generate a set of invariants that have been used 

in many pattern recognition applications. The geometric 

moments of order )( qp   of image intensity function ),( yxf
 

are defined as [1] 
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The normalized central moments, denoted by  pq
, are defined 

as  
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The central moments are equivalent to the regular moments of an 

image that have been shifted such that the image centroid 

),( yx cc is at the origin. As a result, central moments are invariant 

to translation of the image. 
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Fig.1: (a) An 88  image grid, (b) inscribed circle approximated by square grids, (c) outer circle containing the whole square image. 

 

 

III. ORIMS AND ORITS 

The ORIMs and ORITs of a continuous signal ),( yxf  over 

a unit disk are defined by 
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where   is a normalizing factor which may depend on p. 

The function ),(* yxVpq  is the complex conjugate of the 

kernel function ),( yxV pq  which is separable in the polar 

domain and has the form  
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1j  and  ,tan

1 xy  

]2,0[   . The radial function )(rR pq  is a polynomial in r 

for the ORIMs and for ORITs it is a harmonic function 

except for RHFMs. 

One of the major characteristics of these moments 

and transforms is that their kernel function ),( yxV pq
 
are 

orthogonal and complete. The orthogonality property yields 
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where ,1 nm  if ,mn   and 0 otherwise 

Owing to the property of orthogonality and 

completeness of the basis functions, the signal ),( yxf  can 

be represented as 
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where pqp maxminmin
,,  and qmax

 are the minimum and the 

maximum orders and repetitions used for computation. 

Larger are their values, the closer will be the reconstructed 

image ),(ˆ yxf  to the given image ),( yxf . 

III. COMPUTATIONAL FRAMEWORK 

The ORIMs and ORITs defined by Eq.(6) pertain to a 

continuous signal ),( yxf  defined over unit disk. In digital 

image processing, the image function ),( kif  is discrete and 

defined as a rectangular arrangement of pixels with i and k 

representing rows and columns, respectively. Let the image 

be a square image of size NN   pixels. A geometric 

transformation is performed which maps the NN   square 

grid into a unit disk. 
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The above transformation process is shown in 

Fig.1, where Fig.1(a) depicts an 88  pixel grid, Fig.1(b) 

represents its approximated form obeying the condition 

1
22  yx ki . The outer unit disk mapping enclosing the 

complete image is shown in Fig.1(c). 

The ORIMs and ORITs are computed for a digital 

image using the above transformation as follows. 
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where pik
 is the pixel area covered by the ),( ki  pixel, 

i.e., 
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Dyx /2 . It is difficult to find an analytical solution 

to the double integration, therefore, a zeroth order 

approximation is normally used. That is, 
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The reconstructed image will exhibit very unstable behavior 

in the center of the image. Along the boundary of the image, 

its behavior is similar to the other three ORITs. The 

harmonic function e
jq

changes rapidly within a pixel, 

when either q increases or in the neighborhood of the center 

of the image. Therefore, the computation error associated 

with the harmonic function affects the central pixels more 

than those of the surrounding areas as q increases. The rate 

of change of the function over a pixel area will affect the 

accuracy of their computation. Higher is the rate of change 

in a certain region, the more inaccurate will be the moments 

and transforms. Consequently, the moments and transforms 

will be computed more accurately whose kernel functions 

have a smaller magnitude of the rate of change. As a result 

of this trend, the ZMs are the most stable ones among the 

three moments which is also demonstrated by the quality of 

the reconstructed images. 
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Fig.2:Reconstructed Lena image of 6464  pixels using zeroth order approximation of various ORIMs and ORITs for 

different values of pmax
 and qmax

 . 

 
 

IV. CONCLUSIONS 

There are a number of circularly orthogonal radial moments 

and radial harmonic transforms that are rotation invariant. 

These moments and transforms are made scale invariant 

when they are computed in a unit disc. Due to their unique 

characteristics of being rotation and scale invariant, these 

moments and transforms have been used in various image 

processing applications. However, because of the discrete 

nature of the image function  yxf , , these characteristics 

are severely affected during the implementation of the 

moments and transforms. Moreover the image 

reconstruction ability and numerical stability of these 

moments and transforms varies significantly. These issues 

have been analyzed in great details in this paper and the 

results are concluded as follows. 

1. Among all moments and transforms the ZMs are 

the most stable ones which have the best image 

reconstruction capability and rotation and scale 

invariance. 

2. The PZMs have best image reconstruction 

capability for low orders of moment which even 

surpasses the performance of ZMs at low orders, 

20
max

p . At low orders of moments the 

rotation and scale invariance of PZMs is marginally 

better than that of ZMs, the performance of ZMs 

becomes better when 20
max

p . 

3. A peculiar behavior was observed for all moments 

and transforms except for ZMs, in image 

reconstruction at the centre of the image at which 

the reconstructed image function value was 

observed to be abnormally high. In the case of 

PSTs the image function values were very low in 

the neighborhood of the centre of the image. 
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