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Abstract. 1t has been noticed that the functions analytic on the finite disc having same
order but infinite type, the concept of the type does not give the precise information about
their growth. To overcome this problem the concept of type with respect to proximate order
has been defined which is known as generalized type. Similarly, generalized lower type has
been introduced. These parameters are known as generalized growth parameters. In this
paper, we shall study the generalized growth parameters of a function analytic in finite
disc Dy with respect to a proximate order pz(r), in terms of the coefficients a,, occurring in

the Taylor series expansion of f.
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1. Introduction. Several authors (see [1-7]) studied the growth parameters of functions
analytic on the disk in terms of coefficients occurring in its Taylor series expansion and

pr(r)
polynomial approximation errors. It is known that (Rr/(R _ r)) i is a monotonically

increasing function of r for 0 < ry, < r < R, therefore, we define a single valued function

8 (x) for x > x, such that

_ (RR_‘I"r)pR(T)+1 o (RR_rr> — 900, wn

To prove our main results, we need the following lemma.

Lemma 1.1. For the function 6(t) defined above the following relations hold
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lim <d[10g 9(t)]> 1

t > oo\ d[logt] =p+1

and for 0 <7 < o0

lim (0rt)) _ S
t—> oo\ 6(t)
Proof. Using the definition of proximate order and relation (1.1), we have

d[log6(t)] 1

d[logt] B p+ PI/e (r) (R—r)log (%)

d[log 6(t)] 1

d[logt] p+1

Now for a given € > 0 and t > t, we obtain

j;yt (p% - e) d[logt] < tyt d[log8(t)] < j;yt (p% + 6) d[logt]

) 0(yt)

1
or (——6 logy < log 10 <<p+1+e>logy

p+1

L—e) 6(yt) (L+ e)

or —y(p+1 < —2L y p+1

lim [(6(t) =
—_— ) = yp+1 .
t > o0\ 6(t)
2. Main Results

Now we will prove the following theorems:

Theorem 2.1. Let f(z) =).77_o Cnz™,analytic inDy, having order p and proximate orderpg ().

Then the type Trof ' with respect to the proximate order pg(7), is given by
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* 1
Tr _lim sup 0(m)log*|c,|R"|"" 2.1
M n-o n '
where
p
M=—"__
(p + )Pt
Proof. For all r sufficiently close to R and for every € > 0, using the relation
T = lim sup  logM(r,f)
R r>R Rr pr(r)
( / (R - r))
We obtain
pPr()
o) < 1+ (20
0gM(r,f) < (Ti +©) (7
Now by using Cauchy’s inequality, we get
pPr()
log*|cy| < (Tf + €) (ﬁ) —nlogr (2.2)

The right hand side of (2.2) is estimated at

Rr \PR(M) n
(R — r)  p(Ti+e)

Then v(x) — R as n — oo. Putting

In view of (2.2), for all sufficiently large n, we get

(T3 + €)PMn(1-P0)

log*|c,|R™ <

—nlogu(n) + nlogR

v(n)
B(log*lc,lRY _ (Ti+ P®em) [ pn"log (*2)
= n < pA—PMW)pnPM) B p(T; + €)P(
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Since
P() 1og (L0
lim 0() lim [" log( R )
-1, - -1 (2.3)
n — conP®@ n—-oo\ p(Tp + €)Pm
and
pr(r) > Rand r - R,
(2.2) gives that
Tz _ lim sup [0(m)log™*|cy|R™ o
— = (2.4)
M n — o n

In order to prove the reverse inequality, let abe defined by the equation

lim sup [@(M)log™|c,|R" ok _a
n M

n — oo

Thenfor all r sufficiently close to R and for every f > «,

n(l + p)pe

|cn|R™ < exp (L)
pr+e

r
+nlog§ .

In view of (1.1) and Lemma 1.1, we obtain

n(1+p)_ R—r
po () "( Rr ) '

Thus, the maximum term u(r) of ffor |z| = r satisfies

|cn|R™ < exp

max [n(1+ p) R—r
log (1) < 2 ¢ m‘"(v)
Bp

The right hand side is estimated at
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n= [ﬁp (= r)pRmHl

It gives
log u(r)
RT pR (r)
=)

Now applying the limit as 7 — R, we get

<p

Since f > a, we have
Tp < a. (2.5)
On combining (2.4) and (2.5) the required result is immediate.

Theorem 2.2. Let flz) =),_,cnz"analytic inDp, having orderp (0 < p < ) and

Cn—1

proximate order pg(r) be such that Y (n) = forms a non decreasing function of n for

n > ng. Then the lower type tzof f, with respect to the proximate order pg () is given by

th _lim inf [0@)log*|ca|R™""
M n-o n

Proof. Since Y (n) forms a non decreasing function of n, it can be seen that Y(n + 1) >
Y(n) for infinitely many values of n and p > 0,9(n) - 1 asn — oo, where Y(n +1) >
Y (n), the maximum term p(r) and the central index v(r)of £, for Y(n) < r < Y(n + 1), are

given by
u(r) = |lcylr*tand v(r) = n.
Let 0 < tz < oo. Using the relation

_lim inf logM(r,f)

tp =
R r—=>R (pr pr(T)
( / (R — r))
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For given € > 0 and for all r sufficiently close to R, we get

R pr()
logu() > (t - ) (z—)

If ¢p,z™ and c,,z™* are consecutive maximum terms of f, and n; <n <n, — 1, then
Yy +1D)=yYn; +2) =i s eee . = P(ny) and|cy 1™ = |cn1|r"1for % =

Y(n+ 1).

Therefore,

R—(n+ 1))"’"’("“)

log*lc,| + nlogRY(n+ 1) > (tj — e)( Rp(n+ D)

Since —log Rx > %—% for x > 0, we have

o(n)log*|c,|R™ (¢ — €)8(n) (R —(n + 1)\ PP+ n_ (R—ypm+D)
n — <R¢(n+1)> _(t;;—e)< Rv,b(n+1)>(')

Suppose that

R — x>_p(x) n (R - x)

n(x) = ( Rx + (tp =€)\ Rx

The maximum value of the function n(x) occurs at a point x; = xq(n) given by, for n

sufficiently large,

R —x\ PW-1 n
( Rx ) - (tp —€e)(p +0(1))

Using the definition of 8(x), we obtain

(R—x)l_e[ n
) TG —omrom)

For sufficiently large value of n, we get
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n

inf n(x) =

0<x<R (th — €) (0 +0(0)e [(t;; —e)(p+ 0(1))] * (th — €)6 [

T
(tg—e)(p+o(1))

[ (1 +p+ 0(1))
(tR —€) |(tg - 6)(P +0(1) (p+o(D))

In view of (2.6) and Lemma 1.1, we get

im inf [0()log*lc,|RMP™Y  (p + 1)PH?
lim inf n > £ @7

n — o n pp
Inequality (2.7) obviously holds if tz = 0.

To prove the equality in (2.7) we shall prove that strict inequality cannot hold in (2.7). For, if it holds,

then there exists a number § > ty, such that

0.

lim inf [0Mlog*lc,|R""™  (p+ 1)P*?
n— oo n N pP

Let §; be such that § > &; > tj. Then, for all n sufficiently large

n (1+ p)
H(n) p(1+p)

log™|cn|R™ > 51““’)

For all r, sufficiently close to R and sufficiently large

1+ p)
9( ) p(1+P)

_r r
log*M(r,f) > —— §,+p) + nlogE

" (1+p)6 (1+P)—nlog(R_r).

H(n) p(1+P> R

pr()-1 L ..
Assume that n = [51p ( ) ] then, in view of definition of 8(n), we get

n Rr pr(r)
logM(r,f) > —F——=6;
&1p
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so that t; > &;, which is a contradiction. Hence the proof is completed.
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