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Abstract

Newton method is most famous method for optimization problem. It is an iterative
approach for optimization type problem. In this tutorial we are focusing on finite newton
method to solve unconstrained optimization problem. We have also discussed the
constrained optimization problem and Lagrangain multiplier method briefly to convert
constrained optimization problem to unconstrained optimization problem. As an example,
minimization problem is also solved using a finite newton method.

AR
Optimization problem % foIT cgCol fr gea @E}T fafer &1 I8 optimization
UhR ST HATAT & [IT TF iterative approach &l 3 tutorial § & unconstrained

optimization problem &I o #a & fow AT sgcol (Y v caeT Ffga +
& &| FsT constrained optimization problem 3R Lagrangian multiplier method,

constrained optimization problem ko unconstrained problem & gRafdd #el &
folT T&iT & T &r &1 36RUT TG¥T T unconstrained optimization problem @T
newton faf&r & solve fhaT 14T §]
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Introduction

optimization @I constraint (STET31Y) a#rqgr X gU 3Uclsy T o T qaras
gRUMAT & IIcd el & F9 H IRATVT fRar a1 g1 gA 379 &fash Sfiaed &
TR ol T el A &1 Tl o SETeYer g ISl @l Jefehfolcd foham &
%W*Wmﬁﬁﬁ?ﬂﬁﬁﬂ@ﬁ?ﬁﬁﬁ%loptimimtionGﬁa?-rﬂ

Ush T &l optimization o TATT optimization g DS Al g1 “Optimists view
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the proverbial glass half full and not half empty.” fRal &ff smemst &1 c@a g‘(’, a
Tufa O Tex Ppaa &1 99 T

afoId 3R FgeX T+l #H, Tk optimization FHEAT (optimization problem) g
gaEar & o @t @enfad @AY (feasible solution) ¥ Hafad THATU Hr Tiel
FLAT TITT FEH WT & 7 58 Tsh AURT function & Mo uafeya &7 &
input HTl HI TIT HIh 3R function & HIT T 0T Fleh AR function
FI AFdH T 3R FA FA F FT H IO fHAT ST Fhdr &1 THT 7 J,
optimization # f&U 9T domain 3R faff=T THR & objective function & 3MTAR
S objective function & fsehy "gafas variables" &AT (value) A g1 £

Given a function f:
fiA >R x, €A
Either, f(x,) < f(x) V x € A (minimization)

or, f(xy) = f(x)Vx € A (maximization)

3TH Al W, A ¢ R™ constraint (AT (equality / 3T (inequality)) & &€ &
T H Qe giar & @ xed & HT:!’W FLAT BT gl f @& objective function /
loss function / &ET (cost) function/ 3YATIAT (utility) function/ fitness function &
& F gRATNT fRAT ST I&hdT &1 optimization § IJg FIH ﬂgc_d'q;”‘f a1d §;8H I8
Slelel T S & b §HF TH(extreme) W AT JUREAT A6 & | gar=l fohu 0w
368 & AN W WA IHhdH AT FFAaA gl bl ¢| AT Ig U AT &, St
FH T FA T A §; 3R I g a7 g A g7 3fFaH R g 3T, H 59
Ucsh BE?QZF FT (objective function) g & FAIh 3T 3-Ia:la<=|glrad A & forw IS
TR (variables) 9T TR gler g3ar § | Objective function , optimization variables 9T
U function 8T dI@T| Unconstrained optimization problem S Hﬂﬂ'&ﬁ?ﬁ
(experiments ) & I 3cTeed BT & oifchel o 31U 9 & AT optimization
problem o ﬁiﬂff T 3c9eod Bl &1 9TT: objective function H penalized terms &
AT constraints I FTAEATAT (placements of constraints with penalized terms in

objective function ) @{& Uah unconstrained optimization problem & & H ol

FAT SOGgiRe &l IfE  constraint optimization problem  H el HHTA
STYTT(equality constraint) & al "Lagrangian Multiplier” dehsileh @I S8 unconstraint
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optimization problem H §golsd & TolT 39AET fRAT ST HHAT gl unconstraint
optimization problem & WY Hr FEAT objective function 3R constrains I TET,
Hl =W (variables) $r gEar geil If¢ unconstraint optimization problem &
inequality constraint & d 3H SAMHIT optimal condition & TEH H, KKT
condition & WIAWRT H unconstrained optimization & RAfdd AT ST FhaT

General constrained optimization problem:

min [ (xq, X5, X3, ., Xn)
X1,X2,..xn

Subject to:
gl(xl,xz,...xn) <0

92(x1,x, Xn) <0

gm(xl,xz,...xn) <0

Lagrange multiplier d@sileh constraints @I U el dTel variables FI SASHT
objective function I FAMTAT FAT gl The objective function f(x) is augmented by

the constraint equations through a set of non-negative multiplicative Lagrange
multipliers, 4; = 0. The augmented objective function, L is a function of the n design

variables and m Lagrange multipliers.

Lagrangian of f &I faw=ifaf@a alieh & cgea fohar ST Ot §

L(X1, X2, ooy Xy @1, Ay oo Q) = [ (X1, X2, ooy X)) + Z a; gj(X1, X2 en . X)
j=1,2,3..m

Newton method for unconstrained optimization problem

Isaac newton 3R joseph Raphson & =& W Newton Raphson fafer,
polynomial equation &I roots @I Glelad & [T TH ollhUY iterative approach
g1 38 =geor dr fafer i &gr Ser &1 Taylor series & 9gel $© terms & YR
W, AR A &1 3 3uher fehar Sar § oo QU 9w e /
FHHIOT FT first derivative T §37 value 8Idr &1 J§ 3FAX numerical methods
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# 37 root finding A& &1 3TANT T 9o values & Hed H FUR A &
forT weT foRam ST g

Newton method, f&T T FHIEROT (f'(x) = 0) T AU Wielel & faT geRgha
TTSEhIUT (iterative approach) g| GU Iram TeeoT FT twice differentiable glaT 31T
3T | TE TATUT HASdH, =g AT saddle point & TehaT gl

AT AT, A TIFATaT@d optimization problem &I ol T dEd &
(P:) minf(x)

x € R™

At x = x', f(x) can be approximated by

FG) % () = FG) + 7 FG)T (=) 45 (x = ) H () (x — x)

It is a Taylor expansion of f(x) at x = x’, here Vf(x) is gradient of f(x) and H(x) is
hessian of f(x).

T8l h(x) T gfaarda FFEUT(quadratic equation) §; SiT V h(x) = 0% & X
& fhaT STAT 8| Gradient of h(x) T 39 YR AT 34T g
Vh(x) =Vf(x") + H(x")(x — x")
sdifaT VFGx)+Hx)(x—x) =0
Xx—x' = —Hx)(x - x)

—H(x")(x —x") direction, &I newton direction FgT JTT g]

Algorithm
Stepl Givenx, setk -0
Step2 d¥ =—-H(F)"1VF(F). If d¥ = 0 then stop.
Step3 choose step size a* =1

Step4  Set x**1 « x¥ + akd*, k « k + 1. Go to step 2
Finite newton method & foIT assumption

1. H(x*) is non-singular for each iteration
2. It may be possible that f(x**1) < f(x*)
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3argyvT 1. let f(x) = 9x — 4log(x — 7). Suppose we want to minimize the given
function.

feram gam:
f(x) = 9x —4log(x — 7).

X & foIT newton direction

4
f(x)=9—;

e =

xZ

X & foIT newton direction

d=—f"C)f'(%)

x? 4
d= —Z(9 — ) = —9/4x2 +x
Newton’s method will generate the sequence of iterates {x} satisfying:
xktl = xk 4+ d
=x*+ (=" ()T ("))
= ok + (k= 9/, (9P

= 2x% =9/, ("))
X &1 gRfA% faffe values & fav & fafr carT generated sequence & F&
3ETEXT =i table 7 feu 71w &)

literation|x=0.01  |IX=0.1 IX=0 [x=7 IX=10 X=100 |
i 10.009775 0.0775 [0 |-103.25 |-215 |-22400 |
2 0.018895 |0.10661 |0 |-20940 |-94761 |-1.1189e+09 |
3 10.035306 [0.10249 |0 1-9.9574e+08  [-2.0292e+10  |-2.8171e+18 |
4 10.061663 0.050313 |0 |1-2.2309e+18  [-9.2647e+20  |-1.7856e+37 |
5 10.094243  ]0.0073999 [0 -1.1199e+37 [-1.9313e+42  |-7.1739e+74 |
6 10.11008  0.00012745 |0 |-2.8217e+74 |-8.3923¢+84  |-1.158e+150 |
7 10.079442 |3.657¢-08 |0 |-1.7914e+149 |-1.5847e+170 |-3.0169e+300 |
8 10.02283  |2.9976e-15 |0 |-7.2206e+298 |-Inf |-Inf |
9 10.0013075 |0 o |-Inf |-Inf |-Inf |
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10 |3.869e-06 |0 o |-Inf |-Inf |- Inf

gfaar
1 .99 Ugd, function & first 31X second derivative @il $T 3TITHhdT &

2. wgcel TROT $r f&em(newton direction) # objective T d&Te & ToIT HHT sTal &l
TFhdr gl Jg Hdd dHr guaranteed g S9 f"(x) negative definite gl
59 $RUT ¥, Newton-Raphson deheileh g HA & 39T H R aeh § 3R as,
gfe objective, globally concave &l
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